FOURIER TRANSFORMS

Definition: Let f(t) be the function defined as Integral Transform of t, then

F(p) = I(f(t) = T f(Dk(t, p)dt
Where K(p, t) is kernel of integral tra;sform of f(t) with p and t
Case 1: If k(p,t) =eP and a—0and b — oo, then

F(p) = L(f(t)= Te‘pt f (t)dtis called Laplace Transform of f(t)
Case 2: Ifk(p, t) =e™and aa — —0 a;d b — oo, then

F(p) = F(f(t)) = Te‘pt f (t)dtis called infinite Fourier transform of f(t)
Case 3: If k(p, f) = t** and a—>0 and b co, then

F(p) = M(f(t)) = Tt”‘l f (t)dt is called millens transforms of f(t)

0

FOURIER INTEGRAL THEOREM:

If states if f(x) satisfies the following conditions:
(i) F(x) satisfies the Dirchlet conditions in every interval (-1, I)
(i) F(x) is absolutely integrable in the interval —oo< X <oo, then

£(x) = i T Tcosa(t — ) f (t)dtdp

—00—00

Different forms of Fourier Integral Formulas:
By definition,

f(x) = lj jcos p(t—x) f(t)dtdp= lj j(cos pt cos pxf(t) +sin ptsin pxf(t))dtdp
T 0 —o0 T 0 —0

=L Toos(pn) 0 cos(pnyctdp + £ s po) [ s poytep. . (1)

When f(t) is an even function, the integral in the right hand side of (1) becomes zero. Therefore,
we get

f(x)= 2 j COS pX '[ cos ptf (t)dtdp.
4 0 0
This is known as the Fourier cosine integral.

When f(t) is an even function, the second integral in the right hand side of (1) becomes zero.
Therefore, we get

f (%) _2 [sin px[sin ptf (t)dtdp.
T 0 0



This is known as the Fourier sine integral.

o _ 2(b* —a*) 7t Asin Ax
T < (F +a%)
Sol. Since the integrand on R.H.S. contains sine term, we use Fourier sine integral formula.

Ex.1: Using Fourier integral show that e ™ —e di,a,b>0

We know that Fourier sine integral for f(x) is given by f (x) = E_[sin pr- f (t)sin ptdtdp
4 0 0

Replacing p with 4, we get f(x) = EJ‘sin ﬁXJ‘ f(t)sin Atdtdd ... (1)
4 0 0

Here f(X)=e ™ —e ™ or f(t)=e ™ —e™ . (2
Substituting (2) in (1), we get

f(x) = 2 j sin /lx{ j (e —e™)sin ltdt}d/l
Z 0 0

_2 J' sin /Ix{je‘a‘ sin Atdt — J' e " sin /Itdt}d;t
T 0 0 0

o _at © —bt ®
= EIsin AX {% (-asin At — Acos ﬂt)} —{% (-bsin At — A cos /lt)} di
T A +a o A +Db o

s} 0 2_ 2
=E'|.sin/1x{ 2/1 = 2/1 Z}dizgjsinﬁx. Zl(bz 3) 5
Ty A +a° A" +b Ty (A°+a”)(1" +b?)
_2(b? —az)]'i Asin Ax

T o (12 +a%)(& +b?)
o _ 2(b*—a®) 7 Asin Ax
Vs < (F +a%)

Fourier integral in complex form:

Or e®—e dA,a,b>0

Since cos p(t — x) is an even function of p, we have

f(x)= % T Tcos p(t—x) f (t)dtdp....(D)

—00—00

Also, since sin p(t — x) is an odd function of p, we have

0=f(x)= % T Tsin p(t - x) f (t)dtdp....(2)

—00—00

Now, multiply (2) by | and adding to (1), we get

f(x)= % T T[cos p(t—x)+isin p(t—x)]f (t)dtdp

—00—00



= f(x) = % [ [ert @dtdp

—00—00

This is the required complex form.

Finite and Infinite Fourier Transforms and Inverse Transforms:

1. The infinite Fourier transforms of f(x):

The Fourier transform of a function f(x) is given by F{f (x)}=F(p) = j f (x)e™™dx

The inverse Fourier transform of F(p) is given by f(x) = '[F(p)e“pxdp
2. Fourier Sine transforms: _

i) We have f(x)= 3_[sin( px).[sin( pt) f (t)dtdp which is the Fourier sine integral.
4 0 0

Now, write F,(p) :I f (x)sin( px)dx. Then f(x) becomes f(x) = 2 I F. (p)sin( px)dp
0 T 0

The function F,(p) is defined to be the (infinite) Fourier Sine transform of f(x) where
0 < x < o0 and function f(x) is called the inverse Fourier sine transform of F(p).
ii) The finite Fourier Sine transform of f(x) when 0 < x <1, is defined as

|
FA{f(x)}=F.(n) =_[ f(x)sin (nTﬂxjdx where n is an integer and the function f(x) is given by
0
2 . (nax) . L
f(x)= Tz F,(n)sin (I_J is called the Inverse Fourier sine transform of F_(n).
=1

3. Fourier Cosine transform:

i) We have f(x) =3J'cos( px)J.cos( pt) f (t)dtdp which is the Fourier sine integral.
4 0 0

Now, write F,(p) = j f (x)cos(px)dx . Then f(x) becomes f(x) = EJ. F.(p)cos( px)dp
0 4 0

The function F_(p) is defined to be the (infinite) Fourier Cosine transform of f(x) where
0 < x < o0 and function f(x) is called the inverse Fourier cosine transform of F,(p)
ii) The finite Fourier Cosine transform of f(x) when0 < x <1, is defined as

|
FAAf(X)}=F.(n)= J' f(x) cos(nTﬂxjdx where n is an integer and the function f(x) is given by
0

f(x)= %z Fc(n)cos[nl—m(} is called the Inverse Fourier cosine transform of F (p).
=1



Properties of Fourier transform:
1. Linearity Property of Fourier transform: If F(p) and G(p) are Fourier transform of f(x) and
g(x) respectively, then F[a f(x) + b g(X)] = a F(p) + b G(p). Where a and b are constants.

Proof: We have F{f (x)}=F(p)= Tf(x)e‘pxdx and G(p) = Tg(x)e‘pxdx

Fla f0) + b g00] = [[a 109 + bgtledx= [aftge™ax + [boge™dx

=aF(p) + b G(p)
Note: 1. F, [af(x) +bg(x)] =aF,(p)+b G,(p)

2. F.[af(x) +bg(x)]=a F.(p)+b G, (p)
2. Change of scale property:

If F(p) is the complex Fourier transform of f(x) then Fourier transform of f(ax) is iF(gj Le.,

F{f(ax)}=§F( pj, a>0.

a
Proof: We have F(p)= '[f(x)e‘pxdx

F{f (ax)}= Te‘px f (x)dx

Put ax =t so that dx=ﬂ

a
If x—>—othen t > —cand if X > o0, thent -
P

F{f (ax)}= Teipa.f (t)%:é Iei(ajt.f (t)dt :iF(Ej
Note: 1. F{f (ax)}= 1 F, (Bj or Fs{f(i)} = aF,(ap)
a a a
2 FLf(a0}=1F, (Bj or FC{ f (5]} - aF, (ap)
a a a

3. Shifting property: If F(p), is the complex Fourier transform of f(x), then the complex Fourier
transform of f(x — a) is €' F(p)

i.e., F[f(x—a)]=e".F(p)

Proof: We have F(p)= jf(x)e‘pxdx (D)

. F{f(x—a)} = J f(x—a)e™dx = Je‘p(“a) f (t)dt [Put x —a =t so that dx = dt. When X ——0

then t — —ocand if X > oo, thent — o]



= e [e™f (t)dt = ™F (p), from (1)

4. Modulation Theorem: If F(p) is the complex Fourier transform of f(x), then the complex

Fourier transform of f(x) cos ax is %[F (p+a)+F(p-a)]

Proof: .We have F(p)= jf(x)e"’xdx

L F{f(x) cosax} = [e™f (x)cosaxdx= [ e"’xf(x)(e J;e_ jdx

- %|:]Eei(p+a)x f (X)dX“r‘ Tei(P—a)X f (X)dXi|
= %[F(p+a)+|:(p—a)]

Note: If F,(p) and F_(p)are the Fourier sine and cosine transform of f(x) respectively. Then i)

FLf (9 cosax] = [F, (p+2) + F.(p-a)]
i) F.[f (x)sin ax] = {F,(p+2) ~ F,(p- 2]
i) Fg[f(x)sin ax]:%[Fc(p—a)— F.(p+a)l

iv) F[f (x)cosax]:%[Fc(p+a)+ F.(a—p)]

dr‘l
dp”

6. F{x"f ()= (=)" ~—=[F ()]

Proof. By definition, F(p) = F{f(x)} = ]O‘ f (x)e™dx
L ie(en="L 1 e0emax= 100 2 = [ 1 ot ax
dp dp 7. I J
d2 d I - ipx T - 6 ipx
Now sl Fl=g j F(x)(ix)e™dx = j OO0 2 (")
= T f (x)(ix)%e"™dx = (i)? T f (x)x%e™dx

SR =0 [ (e O 00}

In general,




: ; 1 d" (i)"
Fix" f
ie X (x)}= () dp[()] (()) 9 (o)
Fix f (x)}= (-
Note: 1. F{dn }z(—ip)”F(p)
dx

2. F{F' (0} =-pF.(p)

Ex.1: Find the Fourier transform of f(x) defined by f(x)=e 2 ,—co<Xx<o0

o 2

Proof: We have F[f(x)] = j f (x)e™dx = j e 2e™dx

—00

© P 2 2
L) —(x .p)
= je 2g2 dx=¢e 2 j

—00

1 ]
Put ——(x—ip) =t so that dx =~/2dt
ﬁ( p)

e e ¥
Now FIf)] = e 2 [e*Vadt=2e 2 [edt=J2e 2z
—0 0

XZ p2

Thus Fourier transformof e 2 is e 2 . Hence f(x) is “self — reciprocal”.
Ex.2: Find the Fourier cosine and sine transform of e ®*, a > 0 and hence deduce the inversion

t psin px
2 + p2 dp

formula. (or) Deduce the integrals (i) j%d
a+

Sol. Let f(x)=e ™. Then F{f(X)}= j f (x)cos pxdx = Ie‘ax cos pxdx
0 0

0

a
a’+p?

e ™ :
= {m[—acos pX+ psin px]} =

0
and F{f(x)}= I f (x)sin pxdx = Ie‘ax sin pxdx
0 0

o0

= e” [-asin px—pcos px]; = P
a’+p’ PXPLOSP , al+p’

i) Now by the inverse Fourier cosine transform, we get

2% 27 a
f(x) == [ FAf (0}cos pxdp== [ ———;
7Ty rya“+p

0

cos pxdp

o0

Since f(x)=e, therefore e ™ = EI
0

cos pxd
a’+p° PXCp



TCOSPX T g
Or £a2+p2dp—£e

i) Now by the inverse Fourier sine transform, we get

o0

f(x)=£st{f(x)}sin pxdngj 5 P 5-sin pxdp
Ty rya“+p

—ax

Since f(x)=e

, therefore e™ :EJ 5 P > sin pxdp
rya“+p

T psin px Vs
Or p2 p2 d —ax
ca +p 2
- 27 +2
EX3 Using Fourier integral, show that @ “cos X = —J 2
Ty A +4

cos AxdA.

Fourier cosine integrals:

f(x)= 3J'cos pxj f (t)cos ptdtdp.
T 0
Replacing p with 4 we get

f(x)= 2 I COS AX J' f (t) cos AtdtdA
4 0 0

let @ COSX
then

e cosX = E j COS AX '[ e ' cost cos Atdtdl
T

e cosX = 1 j COS AX I e'2cost cos AtdtdA
T

e CcosX = 1 j cos ij e~ cos(A + 1)t + cos(A —DtdtdA
4 0 0

e cosX = 1 j L cos AxdA
Ty (A+1) +1 (A-1%+



2
e cosx——J' 2( +2) 5 C0s AxdA
2 (X +2)° = (24)

_X 2T +2
e cosx=—j -
Ty A+

cos AxdA

EX 4. Show that the Fourier transforms of e 2 s reciprocal

F{f(x)}=F(p)= 'T f (x)e"™dx

o0 _XZ
= '[ e 2 e™dx

_Ie—(xume dx
=T iy
_ez e2( ip) dX

1 )
Put —— (X—ip) =t = dx = +/2dt
u \/5( p)

Flil—p s Te“ V2dt

EX 5 Find Fourier sine and cosine transforms of e

0 ]S g [P Py
0 0 p

7ax, a >0 and hence deduce the integrals



Fourier cosine transforms:

Let
f(x)=@ ",a>0

e}

F.(p)=F.[f (X)]=j f (x) cos pxdx

0

g " cos pxdx

O t—38

o0

a’+ p?

={ € (—acos px + psin px)}

0

a
a’+p?

Fe (f (X)) =
Fourier sine transforms:
Let
f(x)=@ ",a>0

o0

Fs(p) = Fs[f (0] = [ f(x)sin pxax

o

e 'sin pxdx

o t—38

o0

a’+p®

:{ € (—asin px— pcos px)}

0

p .
a’ + p?

Fs(f (X)):

(i) Now by the inverse Fourier cosine transforms ,we get



f(x) =£J'Fc(p) cos pxdp
7[0

—ax 200 a
=— cos pxd
€ 7z-([a2+p2 pxep
—ax 2a°°
= — | ——— cos pxdp
Tya“+p

T COSpPX (o T e
2 2 .

,a +p 2a

Now by the inverse Fourier sine transforms, we get

(ii)

27 :
f(x) =—IFS(p)S|n pxdp
7[0

—ax 2OO p .

=— sin pxd
€ ﬂ£a2+p2 pxdp
T psin px T
- a’ + p? 2

EX 6. Evaluate the following using parseval identity

(l)j dx(a > 0). (ii) IT)Z(a.>O).t

Let
f(x)=@ ",a>0

F.(p) = Fc[f(x)]:T f(x)cos pxdx  F(p) = F[f (x)]=T f (x)sin pxdx

Fs(f (X)):

AUDE pege

a+p

(i) From parseval identity for Fourier transforms, we have



Tlf(x>|2dx=§T|Fc(p)|2dp

[e¢]

! e

—ax|

2
dp

2 2%
dx:;‘([

p
a’+p?

Ty z
I dp_4a

(ii) From parseval identity for Fourier transforms, we have

Tlf(x>|2dx=§T|Fs(p)|2dp

—ax| 2

a
2 2

€

|

5
dx:;‘([




